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Abstract

We explore a conjecture of Morel about the Bass-Tate transfers defined on the
contraction of a homotopy sheaf and prove that the conjecture is true with
rational coefficients. Moreover, we study the relations between (contracted)
homotopy sheaves, sheaves with Morel generalized transfers and Milnor-Witt
homotopy sheaves, and prove an equivalence of categories. As applications,
we describe the essential image of the canonical functor that forgets Milnor-
Witt transfers and use these results to discuss the conservativity conjecture
in motivic homotopy theory due to Bachmann and Yakerson.
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1. Introduction

1.1. Current work

In (2012)), Morel studied homotopy invariant Nisnevich sheaves
in order to provide computational tools in A'-homotopy analogous to Vo-
evodsky’s theory of sheaves with transfers. The most basic result is that
(unramified) sheaves are characterized by their sections on fields and some
extra data (see Subsection [2.1). One of the main theorem of
is the equivalence between the notions of strongly A'-invariance and strictly
A'-invariance for sheaves of abelian groups (see loc. cit. Theorem 1.16). In
order to prove this, Morel defined geometric transfers on the contraction M_
of a homotopy sheaf (i.e. a strongly Al-invariant Nisnevich sheaf of abelian
groups). The definition is an adaptation of the original one of Bass and Tate
for Milnor K-theory Bass and Tate (1973). Morel proved that the transfers
are functorial (i.e. they do not depend on the choice of generators) for any
two-fold contraction M_, of a homotopy sheaf and conjectured that the result
should hold for M_; (see Conjecture [4.1.13| or (Morel, 2012, Remark 4.31)).

The notion of sheaves with generalized transfers was first defined in (Morel,
, Definition 5.7) as a way to formalize the different structures naturally
arising on some homotopy sheaves. In Section |3| we give a slightly modi-
fied definition of sheaves with generalized transfers which takes into account
twists by the usual line bundles. Following 2012, Chapter 5), we
define the Rost-Schmid complex associated to such homotopy sheaves and
study the usual pushforward maps f,, pullback maps ¢*, GW-action (a) and
residue maps 0. Moreover, we prove the following theorem.
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Theorem 1 (see Theorem [3.2.4). Let M € HI®" (k) be a homotopy sheaf
with generalized transfers. The presheaf I'«(M) of abelian groups, defined by

I.(M)(X) = A%X, M)

for any smooth scheme X /k, is a MW-homotopy sheaf canonically isomorphic
to M as presheaves.

In Section [ we recall the construction of the Bass-Tate transfer maps on
a contracted homotopy sheaf M_; and prove that this defines a structure of
generalized transfers:

Theorem 2 (see Theorem [4.1.21)). Let M € HI(k) be a homotopy sheaf.
Then:

1. Assume that 2 is invertible. The rational contracted homotopy sheaf
M_1 g is a homotopy sheaf with generalized transfers.

2. Assuming Conjecture the contracted homotopy sheaf M_1 is a
homotopy sheaf with generalized transfers.

In particular, we obtain the following intersection multiplicity formula which
was left open in |Feld (2020a)):

Theorem 3 (see Theorem [4.1.16)). Let M € HI(k) be a homotopy sheaf.
Consider morphisms of fields over k, ¢ : E — F and ¢ : E — L with ¢
finite. Let R be the ring F' ®@p L. For each p € Spec R, let ¢, : L — R/p and
Yy 1 F'— R/p be the morphisms induced by ¢ and 1. One has

M_1() o Try, = Z €pe Tro, oM _1(1p)

pESpec R

where ey = S5 (—=1)"" is the quadratic form associated to the length e, of
the localized Ting Ry.

Calmes and Fasel, generalizing ideas of Voevodsky, introduced the addi-
tive symmetric monoidal category Cory of smooth k-schemes with morphisms
given by the so-called finite Milnor-Witt correspondences (see (Bachmann
et al., 2020, Chapter 2)). In Section , we recall the basic definitions regard-
ing this theory and prove that any homotopy sheaf with MW-transfers has a
structure of a sheaf with generalized transfers. More precisely, we show that
the two notions coincide:



Theorem 4 (Theorem [5.2.5). There is a pair of functors

f‘*
HIMY (k) HIE™ (k)

I

that forms an equivalence between the category of homotopy sheaves with
MW-transfers and the category of homotopy sheaves with generalized trans-
fers.

In Section [0, we prove the following theorem that characterizes the essential
image of the functor 7, : HIMY (k) — HI(k) that forgets MW-transfers.

Theorem 5 (Theorem [6.1.6)). Let M € HI(k) be a homotopy sheaf. The
following assertions are equivalent:

(i) There exists M' € HI(k) satisfying Conjecture and such that
M~ M.

(i) There exists a structure of generalized transfers on M.
(11i) There exists a structure of MW-transfers on M.

(iv) There exists M" € HI(k) such that M ~ M",.

This result is linked with the conservativity conjecture from [Bachmann
and Yakerson| (2020) and allows us to prove the following theorems.

Theorem 6 (Corollary [6.2.3). Letd > 0 be a natural number. The Bachmann-
Yakerson conjecture holds (integrally) for d = 2 and rationally for d = 1:
namely, the canonical functor

SH” (k)(2) — SH(k)
15 conservative on bounded below objectﬂ the canonical functor
SH* (k)(1) — SH(k)

s conservative on rational bounded below objects, and the canonical functor

! Also known as connective objects.



HI(k,Q)(1) — HI"(k, Q)

1s an equivalence of abelian categories.
Moreover, let X be a pointed motivic space. Then the canonical map

d+1sd+1
is an isomorphism for d > 2.

In conclusion, we note that the several notions generalizing Voevodsky’s
theory of homotopy sheaves with transfers are all equivalent:

Theorem 7 (Corollary [6.2.4). The category of homotopy sheaves with gen-
eralized transfers, the category of MW-homotopy sheaves and the category of
homotopy sheaves with framed transfers are equivalent:

HIE" (k) ~ HIMY (k) ~ HI" (k).

In future work, we will apply the conservative conjecture of Bachmann
and Yakerson to study some intersection points between A'-homotopy theory
and affine algebraic geometry. For instance, following (Asok and Ostveer,
2019, Conjecture 5.3.11 and Remark 5.3.12), one should obtain:

Theorem 8. Let X be a smooth scheme and x € X a closed point. If
N(X,x) ~* in SH(k), then X2, (X, x) is A'-contractible.

In particular, this applies when X is a Koras-Russel threefold of the first or
second kind (see (Asok and Ostveer, 2019, Theorem 5.3.9) and Dubouloz and
Fasel (2018)); [Hoyois et al.| (2015) for similar results).

1.2. Outline of the paper

In Section [2| we recall the theory of unramified sheaves and how they are
related to homotopy sheaves of abelian groups.

In Section [3] we define the notion of sheaves with generalized transfers
and study the associated Rost-Schmid complex.

In Section [4] we define the Bass-Tate transfer maps on a contracted ho-
motopy sheaf M_; and prove the conjecture of Morel in the case of rational
coefficients.

In Section 5] we recall the theory of sheaves with MW-transfers Bachmann
et al.| (2020) and prove that it is equivalent to the notion of sheaves with
generalized transfers.



In Section [0 we give some corollaries of Theorem [5.2.5] In particular,
we characterize the essential image of the functor 7, : HIV™W (k) — HI(k)
that forgets MW-transfers and use the previous results to discuss the con-

servativity conjecture in Al-homotopy due to Bachmann and Yakerson (see
(Bachmann and Yakerson| 2020, Conjecture 1.1) and Bachmann| (2020))).

Notation

Throughout the paper, we fix a (commutative) field £ and we assume
moreover that k is infinite perfect of characteristic not 2. We need these
assumptions in order to apply the cancellation theorem (Bachmann et al.
2020, Chapter 4) but we believe these restrictions could be lifted.

We denote by Grp and Ab the categories of (abelian) groups.

We consider only schemes that are essentially of finite type over k. All
schemes and morphisms of schemes are defined over k. The category of
smooth k-schemes of finite type is denoted by Smj and is endowed with
the Nisnevich topology (thus, sheaf always means sheaf for the Nisnevich
topology).

Let X be a scheme and x a point of X. We define the codimension of z in
X to be dim(Ox ), the dimension of the localisation ring of x in X (see also
(Stacks Project Authors, 2018, TAG 021Z)). If n a natural number, we denote
by X(n) (resp. X(™) the set of point of dimension n (resp. codimension n)
of X (this makes sense even if X is not smooth).

By a field E over k, we mean a k-finitely generated field E. Since k is
perfect, notice that Spec E is essentially smooth over S. We denote by Fi
the category of such fields.

Let f: X — Y be a (quasi)projective lci morphism of schemes (e.g. a
morphism between smooth schemes). Denote by L; (or Lx/y) the virtual
vector bundle over Y associated with the cotangent complex of f defined as
follows: if p : X — Y is a smooth morphism, then £, is (isomorphic to) Qx/y
the space of (Kéhler) differentials. If i : Z — X is a regular closed immersion,

then £; is the normal cone —NzX. If f is the composite Y LN P% LN ‘e
with p and ¢ as previously (in other words, if f is lci projective), then Ly is
isomorphic to the virtual tangent bundle i*Qpn /x — Ny (P%) (see also (Feld,
2020al, Section 9)). Denote by w; (or wy/y) the determinant of L.

Let X be a scheme and z € X a point, we denote by £, = (m,/m?)" and
Wz/x = W, its determinant. Similarly, let v a discrete valuation on a field,
we denote by w, the line bundle (m,/m?)".



Let F be a field (over k) and v a valuation on E. We will always assume
that v is discrete. We denote by O, its valuation ring, by m,, its maximal ideal
and by x(v) its residue class field. We consider only valuations of geometric
type, that is we assume: k C O,, the residue field x(v) is finitely generated
over k and satisfies tr. deg(k(v)) + 1 = tr. deg, (F).

Let E be a field. We denote by GW(E) the Grothendieck-Witt ring of
symmetric bilinear forms on E. For any a € E*, we denote by (a) the class
of the symmetric bilinear form on £ defined by (X,Y) — aXY and, for any
natural number n, we put n, = 3. (—=1)""'. Recall that, if n and m are
two natural numbers, then (nm). = n.m..
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2. Homotopy sheaves

2.1. Unramified sheaves

In this subsection, we summarize (Morel, 2012, Chapter 2) and recall the
basic results concerning unramified sheaves.

Definition 2.1.1. 1. A sheaf of sets S on Smy, is said to be A'-invariant
if for any X € Smy, the map

S(X) — S(Ax)
induced by the projection A x X — X, is a bijection.

2. A sheaf of groups G on Smy, is said to be strongly A'-invariant if, for
any X € Smy, the map

H]i\/is(X7 g) — H]Z\hs(Al X X7g)
induced by the projection A x X — X is a bijection for i € {0, 1}.
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3. A sheaf of abelian groups M on Smy, is said to be strictly A'-invariant
if, for any X € Smy, the map

Hyio(X, M) = Hy (A x X, M)
induced by the projection A! x X — X, is a bijection for i € N.

Remark 2.1.2. In the sequel, we work with M a sheaf of groups. We could
give more general definitions for sheaves of sets but, in practice, we need only
the case of sheaves of abelian groups. In that case, we recall that a strongly
Al-invariant sheaf of abelian groups is necessarily strictly Al-invariant (see
(Morel, 2012, Corollary 5.46)).

Definition 2.1.3. An unramified presheaf of groups M on Smy, is a presheaf
of groups M such that the following holds:

(0) For any smooth scheme X € Smy, with irreducible components X, («a €
X ) the canonical map M (X) — [],cxo M(X,) is an isomorphism.

(1) For any smooth scheme X € Smy; and any open subscheme U C X
everywhere dense in X, the restriction map M (X) — M (U) is injective.

(2) For any smooth scheme X € Smy, irreducible with function field F, the
injective map

M(X) = MNpexw M(Ox.z)
is an isomorphism (the intersection being computed in M (F)).

Example 2.1.4. Homotopy modules with transfers Déglise (2011]) and Rost
cycle modules Rost| (1996) define unramified sheaves. In characteristic not 2,
the sheaf associated to the presheaf of Witt groups X — W (X) is unramified.

We may give an explicit description of unramified sheaves on Smy, in terms
of their sections on fields F' € Fj and some extra structure. We will say that
a functor M : F, — Grp is continuous if M (F) is the filtering colimit of the
groups M (F,) where F,, runs over the subfields of F' of finite type over k.

Definition 2.1.5 (Morel (2012),Definition 2.6). An unramified F;-datum
consists of:



uD1 A continuous functor M : F, — Grp.

uD2 For any field F' € F; and any discrete valuation v on F', a subgroup
M(O,) C M(F).
uD3 For any field F' € F;, and any valuation v on F', a map
Syt M(O,) = M(k(v)),

called the specialization map associated to v.
The previous data should satisfy the following axioms:

uAl If « : E C F is a separable extension in F;, and w is a valuation
on F' which restrict to a discrete valuation v on F with ramification
index 1, then the arrow M(¢) maps M(O,) into M(O,). Moreover,
if the induced extension 7 : k(v) — k(w) is an isomorphism, then the
following square

1S cartesian.

uA2 Let X € Smy be an irreducible smooth scheme with function field F'.
If z € M(F), then z lies in all but a finite number of M(O,) where z
runs over the set XM of points of codimension 1.

uA3(i) If ¢ : E C F is an extension in F, and w is a discrete valuation on F'
which restricts to a discrete valuation v on F, then M (¢) maps M(O,)
into M(0O,,) and the following diagram

M(Ov) — M(Ow)

l l

M (k(v)) —— M (r(w))



1s commutative.

uA3(ii) If . : E C F is an extension in Fj and w a discrete valuation on F
which restricts to zero on E, then the map

M) : M(E) — M(F)

has its image contained in M(0O,). Moreover, if 7 : E C k(w) denotes
the induced extension, the composition

M(E) —— M(0,) — M(x(w))

is equal to M(z).

uA4(i) For any smooth scheme X € Smy local of dimension 2 with closed
point z € X® and for any point yo € X® such that the reduced
closed scheme 7 is k-smooth, then

Syo - M<Oy0) - M("i(yo))
maps Ny,exm M(O,) into M(Oy, ) C M(k(yo))-
uA4(ii) The composition
Nyexm M(Oy) = M(Oy,.z) = M(r(z))
does not depend on the choice of g, such that gy € Smy,.

Example 2.1.6. For any integer n, the functor KMW : . — Grp of Milnor-
Witt K-theory (defined in (Morel, 2012, Chapter 3) and (Feld, [2020a) Section
1)) is an unramified Fj-datum.

2.1.7. An unramified sheaf M defines in an obvious way an unramified Fj-
datum. Indeed, taking the evaluationE] on the field extensions of k yields a
restriction functor:

M : F, — Grp, F — M(F)

2See the proof of (Morel, [2012, Proposition 2.8) for more details.
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such that, for any field F* with valuation v, we have an M (O,) C M(F) and
a specialization map s, : M(O,) — M(k(v)) (obtained by choosing smooth
models over k for the closed immersion Spec k(v) — Spec O,). We claim that

this satisfies axioms[uAl] ..., [uA4(ii)]

Reciprocally, given an unramified Fi-datum M and X € Smy an irre-
ducible smooth scheme with function field F', we define the subset M(X) C
M(F) as the intersection (), ya) M(O,) C M(F). We extend the definition
for any X so that property @ is satisfied. Using the fact that any map
f:Y — X between smooth schemes is the composition

Y Y X, X —» X

of closed immersion followed by a smooth projection, one can define an un-
ramified sheaf M : Sm; — Grp. In short, we have the following theorem.

Theorem 2.1.8 (Morel| (2012), Theorem 2.11). The two functors de-
scribed above define an equivalence between the category of unramified sheaves
on Smy, and that of unramified Fy-data.

Example 2.1.9. Combining Example and the previous theorem [2.1.8]
we obtain a definition of the (unramified) sheaf of Milnor-Witt K-theory
KMW for any integer n.

2.1.10. From now on, we will not distinguish between the notion of unram-
ified sheaves on Sm; and that of unramified Fj-datum. In the remaining
subsection, we fix M an unramified sheaf of groups on Sm, and explain how
it is related to strongly Al-invariant sheaves.

2.1.11. NOTATION. If ¢ : E — F' is an extension of fields, the map from

uD1]
M(p): M(E) — M(F)
is also denoted by res,, resp/p or @,.

2.1.12. Let F' € F; be afield and v a valuation on F'. We define the pointed
set

H; (O, M) = M(F)/M(O,).
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This is a left M (F')-set. Moreover, for any point y of codimension 1 in X €
Smy,, we set Hyl(X, M) = H;(Ox,y, M). By axiom , if X is irreducible
with function field F', the induced left action of M(F) on [ ¢ ya) Hy (X, M)
preserves the weak-product

H;GX(I) H;(X, M) - HyeX(l) H;(Xa M)

where the weak-product H;GX(U H,(X, M) means the set of families for
which all but a finite number of terms are the base point of Hyl(X, M).
By definition and axiom [uA2] the isotropy subgroup of this action of M(F)
on the base point of H;;eX(l) H, (X, M) is exactly M(X) = Nycxa M(Ox,y).
We summarize this property by saying that the diagram

1= M(X) = M(F) = [T,exo Hy(X, M)
1s exact.
Definition 2.1.13. For any point z of codimension 2 in a smooth scheme
X, we denote by H2(X, M) the orbit set of H;ex((zlg H, (X, M) under the left
action of M (F') where F' € Fj is the function field of X ..

2.1.14. For an irreducible essentially smooth scheme X with function field
F, we define the boundary M (F')-equivariant map

H;exm Hy1<X7 M) = TLexo H2(X, M)
by collecting together the compositions

H/ (UH;(XaM)%H;ex(l)H;(X’M)_)HE(X7M)

X
ve (=)

for each z € X®.

It is not clear in general whether or not the image of the boundary map
is always contained in the weak product [Ty HZ(X, M). For this reason
Morel introduces the following axiom:

uA2’ For any irreducible essentially smooth scheme X, the image of the
boundary map

IT,cxo Hy(X, M) = [1.cxe HA(X, M)

yeX

is contained in the weak product [, e HZ(X, M).
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2.1.15. From now on we assume that M satisfies uA2] For any smooth
scheme X irreducible with function field F', we have a complex C*(X, M)

1= MX)—= MOX)= MD(X) = MO(X)
where
MO(X) = Thexo M(k(@)) = TTexo M(k(2)),
MW(X) = [Texa Hy(X, M)
and
MP(X) = [TLexe H2 (X, M).

By construction, this complex is exact (in an obvious sense, see (Morel, [2012]
Definition 2.20)) for any (essentially) smooth local scheme of dimension < 2.

Definition 2.1.16. A strongly unramified F;-data is an unramified F;-data
M satisfying and the following axioms:

uA5(i) For any separable finite extension ¢ : £ C F in Fj, any discrete
valuation w on F' which restricts to a discrete valuation v on E with
ramification index 1, and such that the induced extension 7 : k(v) —
k(w) is an isomorphism, the commutative square of groups

M(O,) —— M(E)

|

M(Oy) —— M(F)

induces a bijection H! (O, M) ~ H}(O,, M).

uA5(ii) For any étale morphism X’ — X between smooth local k-schemes
of dimension 2, with closed point respectively z’ and z, inducing an
isomorphism on the residue fields x(z) ~ k(z’), the pointed map

Hf(X, M) — HZQ,(X’,M)
has trivial kernel.
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uAG6 For any localization U of a smooth k-scheme at some point u of codi-
mension < 1, the complex:

1 — M(AY) — MOAL) = MY (AL) — M@ (A})
is exact. Moreover, the morphism M (U) — M(A};) is an isomorphism.

Theorem 2.1.17 (Morel (2012)), Theorem 2.27). There is an equivalence
between the category of strongly Al-invariant sheaves of groups on Smy, and
that of strongly unramified Fi-data of groups on Smy,.

Definition 2.1.18. A strongly A'-invariant Nisnevich sheaf of abelian groups
is called a homotopy sheaf. We denote by HI(k) the category of homotopy
sheaves and natural transformations of sheaves.

Example 2.1.19. As a corollary of the previous theorem, we obtain that
the sheaf of Milnor-Witt K-theory KMW is a homotopy sheaf for any integer
n.

2.1.20. MONOIDAL STRUCTURE. Recall that there is a canonical adjunc-
tion of categories
Tyl

D(Sh(Smy)) — DI (k)

where D¢ (k) the effective Al-derived category and D(Sh(Smy)) is the de-
rived category of complexes of sheaves over Smy, (see (Cisinski and Déglise,
2019, §5)). Thanks to Morel’s Al-localization theorem, we can prove that
there is a unique t-structure on DS (k) such that the forgetful functor O is
t-exact and that the category of homotopy sheaves HI(k) is equivalent to the
heart (D¢ (k))¥ for this t-structure (in particular, HI(k) is a Grothendieck
category). Since the canonical tensor product ®D1e§ is right t-exact, it in-

duces a monoidal structure on HI(k). Precisely, if F,G € HI(k) are two
homotopy sheaves, then their tensor product is

F ®u G = HY (F @per G)
where H§1 is the homology object in degree 0 for the homotopy t-structure.
Example 2.1.21. For any integers n and m, we have a canonical morphism

KW @y KMW _y KMW

n+m-

In particular GW = KMW is a commutative monoid.
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2.2. Contracted homotopy sheaves

2.2.1. In this section, we fix M € HI(k) a homotopy sheaf. Recall that the
contraction M_; is by definition the sheaf of abelian groups

X 5 ker(M(Gyp, x X) — M(X)).

According to (Morel, 2012, Lemma 2.32), the sheaf M_; is also a homotopy
sheaf and is called a contracted homotopy sheaf. Morel also proved that we
have

M_; = Hom(KMW, M)
where Hom is the internal hom-object of the abelian category of sheaves of

abelian groups over Smy,.

Example 2.2.2. For any integer n, we have a canonical isomorphism
(K™) - =Ko
according to (Morel, 2012, Corollary 6.43).

2.2.3. For any smooth scheme X, we have a short exact sequence
0— M(X)— MG, x X) = M_(X) —0.

Following (Morel, 2012, §3.3), we let O(X)* act on M (G,, x X) by translation
through the map (u,z) — U*(x) where U : G,, x X ~ G,, x X is the
automorphism multiplication by the unit u € O(X)*. If we let O(X)* act
trivially on M (X), then the above left inclusion is equivariant and thus M_;
gets a canonical and functorial structure of G,,-module.

According (Morel, 2012, Lemma 3.49), the G,,-module structure on M_,
is induced from a (GW = K)W)-module structure on M_; through the
morphism of sheaves G,, — K} that maps a unit u to its symbol (u) =
1+ nlul.

Moreover, we have a bilinear pairing

KMW s My — M
([u], ) = [u] - p,

where KW is defined in [2.1.19| (see also (Morel, 2012, Lemma 3.48)).
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2.2.4. Let N € HI(k) be another homotopy sheaf and assume N is equipped
with a GW-module structure. Let X € Sm; be a smooth scheme and £ a
line bundle on X. We define the twist of N by £ denoted by N{£} or
N ®zg,,) Z[L£*] as the sheaf associated to the presheaf on the Zariski site

XZar'

U N(U) ®zjoyw)~) L1Lg]

where £; is the set of isomorphisms between Op and £y (which may be
empty). We put N(X, £) = I'(X, N{£}). We extend the definition to any
essentially smooth scheme X/k. If X = Spec(F) is the spectrum of a field,
then the line bundle £ corresponds to an invertible F-vector space, and we
have N (X, £) = N(X)®zo.(x)<]Z[£%]. In particular, this definition applies
to the sheaf N = M_;.

2.2.5. COHOMOLOGY WITH SUPPORT EXACT SEQUENCE. Let M € HI(k)

be a homotopy sheaf. For any closed immersion ¢ : Z — X of smooth
schemes over k, with complementary open immersion j : U — X, there
exists a canonical cohomology with support exact sequence of the form:

T(X, M)~ M(X) —2 M(U) —2 HL(X, M) — . ..

2.2.6. Recall that, by convention, we implicitly extend our sheaves to the
category of essentially smooth schemes in a canonical way. The purity iso-

morphism (more precisely: Axiom uA5(i) and (Morel, 2012, Lemma 3.50))
implies that for any discrete valuation v on a field F' € Fj, one has a canonical
bijection

HY O, M) ~ M_(k(v),w,)
and thus obtain a residue map

Op: M(F) — M_1(k(v),w,).

Proposition 2.2.7. Let M € HI(k) be a homotopy sheaf and consider the
following commutative square



of closed immersions of separated schemes over k. We have the following
diagram

Tr(X, M) — s Ty (X, M) 25Ty (X — Z, M) 2 HN(X, M
T

- I P qs
T (X, M) ——s M(X) —" s M(X — Z) — 2 HY(X, M)
q/* p/* ﬁ/* q/*

%* ’ZT/* ai
Ty (X =Y, M)SMX -Y)SMX - (YUZ) S HL (X =T, M)

Ok 9 % (*) %

" k

with obvious maps. Fach squares of this diagram is commutative except for
(%) which is anti-commutative.

PRrROOF. This is a classical consequence of the octahedron axiom.

3. Sheaves with generalized transfers

3.1. Morel’s axioms

The following definition is a slightly improved version of Morel’s definition
in (Morel, 2011, Definition 5.7). The main purpose is to give an axiomati-
zation of the Bass-Tate transfers defined in Section [4] It is directly inspired
by Rost’s theory of cycles modules. Lastly, it can be seen as an effective
counter-part of our own axiomatic of MW-cycle modules (see |[Feld| (2020al)).

Definition 3.1.1. Let M be a homotopy sheaf (i.e. a strongly Al-invariant
Nisnevich sheaf of abelian groups on Smy). We say that M has a structure
of generalized transfers if M has a structure of GW-module and satisfies the
following datum

eD2 For any finite extension ¢ : £ — F in F; and any natural number
1 € N, there is a map

TI'@ = TI‘F/E : M_i(F, wp/k) — M—z’(Ewa/k>
called the transfer morphism from F' to E.
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In addition, this datum satisfies the following axioms:

eR1b Try, = Idy(g) and for any composable finite morphisms ¢ and 1 in
Fi, we have

Tryo, = Try 0 Try.

eR1c Consider ¢ : F — F and ¥ : E — L with ¢ finite. Let R be the ring
F ®p L. For each p € Spec R, let ¢, : L — R/p and ¢, : F' — R/p be
the morphisms induced by ¢ and . One has

M(y) o Tr, = Z €p,z Try, oM ()

peSpec R

where e, . = 327 (—1)""" is the quadratic form associated to the length
ep of the local Artinian ring Rp).

eR2 Let ¢ : E — F be a finite extension of fields.

eR2b For (a) € GW(E) and p € M(F,wpy), one has Trp g ((¢(a)) - p) =
(a) - Trrye(p).

eR2c For (a) € GW(F,wpy;) and u € M(E), one has Trp/p ((a)resp/p(p)) =
Tre/e((a)) - p.

eR3b Let i € N be a natural number, ¢ : F — F be a finite extension of

fields and let v be a valuation on E. For each extension w of v, we
denote by ¢, : £(v) — k(w) the induced morphism. We have

0yoTr, =5, Tr,, 00,

where 0, : M_i(E, wg/k) = M_;i_1(k(v), Wew)k) and Oy, : M_i(F,wp/i) —
M_;_1(k(w), We(w)/k) are the residue maps defined in m

Remark 3.1.2. Our definition differs from Morel’s in two ways. First, we
have taken into account the twists naturally arising (this is not really im-
portant if one works in characteristic zero). Second, Axiom A3 of (Morel,
2011}, Definition 5.7) is replaced by (we expect these two axioms to be

equivalent in characteristic 0).
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Remark 3.1.3. We know from that homotopy sheaves can be under-
stood as certain functors on function fields. Taking into account this fact, our
axioms are indeed effective variants of that of Milnor-Witt cycle modules. In
fact, we will see that they correspond to homotopy sheaves with Milnor-Witt
transfers, as MW-cycle modules correspond to homotopy modules. (This
explains our choice of numbering of the axioms.)

Remark 3.1.4. A homotopy sheaf with generalized transfers is a particular
case of a sheaf with Al-transfers as defined in (Bachmann and Yakerson,
2020, §5).

Example 3.1.5. 1. The Milnor-Witt sheaf KMW has a structure of gen-
eralized transfers ((Morel, 2012, §4.2), (Feld, 2020al, Theorem 4.13), or
(Feld), 2020b|, Theorem 1); see also Theorem |4.1.16]).

2. Let M be a homotopy sheaf with generalized transfers, F'/E a finite
extension of fields and £z a line vector space over E. Then we put
Lr = L£g ®g F which is F-vector space of rank 1. For any natural
number n, then transfer maps Trp/g of M define morphisms

M_i<F, Wr/k QF SF) — M—i(E,WE‘/k QF SE)

which satisfies axioms [eR1D] ..., [ER3Dl An abuse of language would
be to say that if M has a structure of generalized transfers, then so
does M{L}.

3. If M is a homotopy sheaf with generalized transfers, then so is M_;.

Remark 3.1.6. In the next section, we will give conditions for a contracted
homotopy sheaf M_; to be equipped with a structure of generalized transfers.

Definition 3.1.7. A map between homotopy sheaves with generalized trans-
fers is a natural transformation commuting with the GW-module structure
and the transfers. We denote by HI®" (k) the category of homotopy sheaves
with generalized transfers over k.

3.1.8. ROST-SCHMID COMPLEX. Let M € HI®" (k) and let X be a scheme
essentially of finite type over k. We define the Rost-Schmid complex as the
graded abelian group defined for any n € N by:
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C™(X, M) = @,cxm M_n(K(2), We@)/x)-

The transition maps d are defined as follows. If X is normal with generic
point &, then for any z € X the local ring of X at z is a valuation ring so
that we have a map 0, : M_,,(k(§), we)/k) = M_p_1(K(2), We(z)k) for any
n.

Now suppose X is a scheme essentially of finite type over k and let =,y
be two points in X. We define a map

9yt M (K(2), We(z)/x) = M_n_1(K(Y), Wr(y)/x)

as follows. Let Z = {z}. Ify ¢ ZW, then put 02 = 0. If y € ZW, let Z — Z
be the normalization and put

Oy = > True) nty) © 0=

zly

with z running through the finitely many points of Z lying over y.
Thus, we may define a differential map

d= Zml@; :CM(X, M) — C"TY(X, M)
which is well-defined according to the following proposition.

Remark 3.1.9. If M € HI(k) is a homotopy sheaf, Morel defined in (Morel,
2012, Chapter 4) a complex (also called the Rost-Schmid complex) denoted by
Cho(X, M) (where X is a smooth scheme). If M € HI®" (k) has generalized
transfers, then we have an isomorphism

C™(X, M) ~ OB o(X, M) (3.1.1)

for any smooth scheme X and any n € N.

For now, the above map [3.1.1] is just an isomorphism of abelian groups;
but we will see later that it is moreover compatible with the differentials, i.e.
we have an isomorphism of complexes. Indeed, the differentials of C*(X, M)
and Che(X, M) are defined exactly in the same manner except for the fact
that Morel uses transfer maps that arise automatically on contractions (see
Section [4) while ours are given as extra data. In Theorem we prove
that these two types of transfers are equivalent (in other words, our definition
of generalized transfers is a good axiomatization of the transfers defined in

(Morel, 2012, Chapter 4)).
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We now define the analogue of Rost’s four basic maps (Rost, (1996, §3)
for the Rost-Schmid complex and prove that they are morphisms of quasi-
complexes in some special cases.

3.1.10. NOTATION Let M and N be two homotopy sheaves which are also
GW-modules, X and Y two smooth schemes, £x and £y two line bundle
over X and Y respectively, U C X and V C Y two subsets, and a morphism

a: @,y M(k(x), (L£x)z) — @yev N(k(y), (Ly)y)-

Then we denote by ag : M(x(x), (£x).) = N(k(y), (£y),) the components
of a.

3.1.11. PuLLBACK. Let M € HI®" (k). Let f : X — Y be an essentially
smooth morphism of schemes essentially of finite type. Define

ffC(Y,M)— C*(X,M)

as follows. If z € X and y € Y satisfy f(z) =y, then (f*)Y = © ores,(z)/u(y)
where © is the canonical isomorphism induced by Wspec x(z)/ Spec r(y) =~ Wx/v X x
Spec k(z). Otherwise, (f*)¥ = 0. If X is not connected, take the sum over
each connected component.

3.1.12. PUSHFORWARD. Let M € HI®" (k). Let f : X — Y be a morphism
between schemes essentially of finite type over k and assume that X is con-
nected (if X is not connected, take the sum over each connected component).

Let d = dim(Y') — dim(X). We define
fo: C*(X, M{ws}) = C*4(Y, M_)

as follows. If x € X and y € Y satisfies y = f(x) and (z) is finite over
r(y), then put (fi)¥ = Truwm)/n) where Try(g)/xq) is the transfer map @.
Otherwise, put (f.)¥ =

3.1.13. GW-ACTION. Let M € HI®" (k). Let X be a scheme essentially of
finite type over k and a € O% a global unit. Define a morphism

(@) : C*(X, M) — C*(X, M)

as follows. Let z,y € X®) and p € M_.(k(z),w, ). If z =y, then (a)¥(p) =
(a(x)) - p. Otherwise, (a)?(p) = 0.

T
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3.1.14. BOUNDARY MAPS. Let M € HI®*" (k). Let X be a scheme essen-
tially of finite type over k, let ¢ : Z — X be a closed immersion and let
j:U=X\Z — X be the inclusion of the open complement. We will refer
to (Z,i,X,7,U) as a boundary triple and define

0 =0Y:C(U,M) = C,_1(Z, M)

by taking J; to be as the definition in with respect to X. The map
0¥ is called the boundary map associated to the boundary triple, or just the
boundary map for the closed immersion i : Z — X.

We now fix M € HI®" (k) a homotopy sheaf with generalized transfers and
study the morphisms defined on the Rost-Schmid complex with coefficients
in M.

Proposition 3.1.15 (Functoriality and base change). 1. Letf: X —
Y and f' Y — Z be two morphisms of schemes essentially of finite
type. Then

(f' o f)e=fiofu

2. Let g Y — X and ¢ : Z — Y be two essentially smooth mor-
phisms.  Then (up to the canonical isomorphism given by wz/x ~

wzy +(9') wyyz):
(gog/)* — g/* og*'
3. Consider a pullback square

/

Uv-2.7

I f
with f, ', g,9 as previously. Then
grofi=flog"

up to the canonical isomorphism induced by wy/z ~ wy;x Xy U.
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PRrOOF. This follows as in (Feld, 2020a, Proposition 6.1) from and
leRId

Proposition 3.1.16. (i) Let f : X — Y be a finite morphism of schemes
essentially of finite type. Then

dy o f. = f.odx.
(ii) Let g:Y — X be an essentially smooth morphism. Then
grodx =dyog".
(i1i) Let a be a unit on X. Then
dx o {a) = (a) odx
() Let (Z,i,X,7,U) be a boundary triple. Then
dz 005 = =05 ody.

PROOF. As in (Feld, 2020a, Proposition 6.6), the assertions (i), (¢i7) and
(1v) follow easily from the definitions.

The assertion (i) is nontrivial since our axioms are weaker than in the
stable case studied in (Feld, [2020al §6). Fortunately, Morel proved that the
map

Gx - C*(K N—l) — C*(Xy N—l)

is a morphism of (quasi)complexes when N is a homotopy sheaf (see (Morel,
2012, Corollary 5.30))E|. The proof can be adapted almost verbatim if we
replace the contracted homotopy sheaf N_; by any sheaf with generalized
transfers M (the use of (Morel, 2012, Theorem 5.19) is replaced by [eR3b).
We give more details below.

First of all, we may reduce (as in (Morel, 2012, Corollary 5.30)) to the
case where X = Spec(B) and Y = Spec(A), with A and B being essentially
k-smooth of dimension 1.

3Beware that some results in (Morel, 2012, Chapter 4) may contain typographical
mistakes.
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Denote by K and L the fraction fields of A and B, respectively. Let
K C E C L an intermediate (finite) extension of fields and C' the integral
closure of A in E. By the functorial property of the generalized trans-
fers, we see that, if the assertion (i) holds for Spec(B) — Spec(C') and for
Spec(C) — Spec(A), then it holds for the composition Spec(B) — Spec(A).
We emphasize the need of the axiom which corresponds to Conjecture
in (Morel, 2012, Chapter 4) where Morel works with general homotopy
sheaves (without transfers).

We may now conclude as in the proof of (Morel, 2012, Theorem 5.26) but
let us explain the proof in characteristic 0. To check the assertion, we may
moreover assume that A is an henselian essentially k-smooth d.v.r. (in that
case, B is also an henselian essentially k-smooth d.v.r.). According to (Morel,
2012, Remark 5.28), there exists a finite filtration X C Ly C --- C L, = L
such that letting B; C L; be the integral closure (which is also an henselian
d.v.r.) each extension B; ; C B; is monogenous. One can then apply axiom

at each step to prove the result.

Theorem 3.1.17. For any homotopy sheaf with generalized transfers M &€
HI®" (k) and any essentially smooth scheme X, the Rost-Schmid complex
C*(X, M) is a complex.

PROOF. We follow the proof of Morel (see (Morel, 2012, Theorem 5.31)).
Let 2z € X be a point of codimension n and let Y be an integral closed
subscheme of codimension n — 2 with generic point y. We want to prove
that the component of J o J starting from the summand M_,, 1 (k(y), wy,x)
to M_,_1(k(2),w./x) is zero. We may reduce to the case where X is of finite
type, affine and smooth over x(z) and z is a closed point of codimension n in
X. By the Normalization lemma (Serre, (1965, Théoréme 2 p.57), there exists
a finite morphism X — AF ) such that z maps to 0 (with same residue field)
and such that the image of Y is a linear Ai(z) C A} ). Using the pushforward
maps (see Proposition , we may reduce to the case X = AZ(Z), Y =
Ai(z) and z = 0. The proof of this last particular case is exactly the same as

(Morel, 2012, Corollary 5.29).

Definition 3.1.18. For any homotopy sheaf with generalized transfers M &
HI®" (k) and any essentially smooth scheme X, the cohomology groups as-
sociated to the Rost-Schmid complex are denoted by A*(X, M).
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Remark 3.1.19. According to Proposition [3.1.16] the morphisms f, for f
finite, g* for g essentially smooth, multiplication by (a) commute with the
differentials. We use the same notations to denote the induced morphisms
on the cohomology groups A*(X, M).

3.1.20. ProODUCT By definition, if M € HI®", then there is a structure of
KYWV-module on M (since GW ~ KNMW). As in (Rost, 1996, §14), (Fasel,
2020, §3.4) or (Feld, [2020a;, §11), we can define, for any smooth k-schemes Z
and Y, and any numbers p, ¢, a product map

X, 1 CP(Y,K)™W) x C9(Z, M) — CP*4(Y x Z, M)
which induces a map on the cohomology groups:
Xt AP(Y,K)W) x AY(Z, M) — APTI(Y x Z, M).

3.2. MW-transfers structure

Definition 3.2.1. Let M € HI®" (k) be a homotopy sheaf with generalized
transfers. For any smooth scheme X, denote by

R (M)(X) = A(X, M),
By definition, if X is integral with function field x(X), then
A (X, M) =kerd = (,cxw ker 8, C M(k(X)).

Thus we see that T',(M)(X) is canonically isomorphic to M(X) (since M is

unramified, recall Definition [2.1.3, Theorem and Theorem [2.1.17)).

This defines a presheaf ', (M) where the pullback morphisms are defined
to be the same as M .

Remark 3.2.2. The previous definition (glong with Proposition |3.1.16)) al-
lows us to consider pushforward maps on I'.(M) for finite morphisms.

Theorem 3.2.3. Let M € HI® (k) be a _homotopy sheaf with generalized
transfers. Then the contravariant functor T'.(M) : X — TW(M)(X) induces

a presheaf on Cory.
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PROOF. Let X,Y be two smooth schemes (which may be assumed to be
connected without loss of generality). Let 3 be an element in T',(M)(Y). We
use the notations and definitions of Subsection [5.1] and fix a a finite corre-
spondence from X to Y with support in 7', with 7' C X x Y an admissible
subset. We set a-py- () = 0%y (X ,p5(5)) where %, is the product defined
in[3.1.20|and dxxy : X XY = (X xY) x (X xY) is the diagonal morphism.
In order to define Milnor-Witt transfers, we put

a*(B) = (px)«(- p3(B))

where px : T — X is the canonical morphism. We remark that the map
(px)+is well-defined] thanks to Proposition [3.1.16]i). This yields to an ap-
plication o* which is additive. We can see that this definition does not
depend on the choice of T. Thus a +— a* defines a map Cori(X,Y) —

Hom 4 (T (M)(Y), T (M)(X)). It remains to check that this map preserves
the respective compositions. Consider the diagram

X xZ

—~d —~d
Let aq € CHTT(X x Y,wy) and ay € CHTj (X X Z,wy) be two correspon-
dences, with 77 € X x Y and T, C Y x Z admissible. Moreover, let
B € M(Z). By definition, we have
(g oan)*(B) = (rx)«[(axy)«(Pxy a1 - ¢y z2) - 751).
Write temporarily ¢ = qxy,

Oxvz: (X XY xZ)=> (X XY xZ)x (X XY xZ),
Oxy (X XY) = (X xY)x (X xY)

4We have used Voevodsky’s trick here: X x Y ~— X is not finite, but its restriction
px : T — X is finite by assumption.
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the diagonal maps, © = (pkyai - ¢4 za2) and y = r55. We have the following
projection formula:

g(z) -y = Oxy(gx 1)u(z X, 9) (1)
= ¢.((1 X q)dxyz)*(r x,y) (2)
= q0%yz(1xq)*(x x,y) (3)
= q(z-q"(y)) (4)

where the equality (1) follows from the axiom and the definition of the
product, the equality (2) from the base change property |3.1.15(applied to the
Cartesian square

1xq)0xyz

X XY xZ- (X XY x Z) % (X xY)
(Il qul
X xY o (X xXY)x (X xY),

the equality (3) from functoriality and the equality (4) from the compatibility
of the pullbacks with the GW-action and the definition of the product.
Using the above projection formula, we have

(rx)«[(gxy)«(Pxyar - Gy za2) 128 = (rx)«[(gxy)«(Pxy a1 - G202 - @iy 1% B)]
= (px)«(pxv)«(Pxy o - 5200 - G5 275 5).

On the other hand,

atoaz(B) = ai((py)«(az-qzB))
= (px)«(a1 - 5 (py)«(a2 - g305))

By base change [3.1.15 ¢} (py )« = (pxv)«G3, and it follows (using the pro-
jection formula once again) that

ajoaz(B) = (px)«(a1- (Pxv)«(a5 202 - 45 2055))
= (px)«(Pxy)«(Pxyu - @y 700 - @k 777 5).

Hence the result.

We have proved the following theorem.

Theorem 3.2.4. Let M € HI®" (k) be a homotopy sheaf with generalized
transfers. The presheaf T'w(M) of abelian groups, defined by
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[, (M)(X) = A°(X, M)

for any smooth scheme X /k, is a MW-homotopy sheaf (see Definition|5.1.1()
canonically isomorphic to M as presheaves.

PROOF. Theorem implies that T, (M) is an MW-homotopy sheaf. The
second assertion follows from the fact that the natural map M — T',(M) of

presheaves can be identify with the identity thanks to Definition |3.2.1] and
Theorem 2.1.17

3.2.5. A morphism of sheaves with generalized transfers commutes with
the transfers Trp/p and the GW-action hence induces a natural transforma-
tion on the Rost-Schmid complex which commutes with the respective maps
[3.1.12] [3.1.11]and [3.1.13|defined on the Rost-Schmid complex. After a careful
examination of the proof of Theorem we can thus define a functor

L. HE(k) — HIMY(k)
M — T.(M)

which is conservative.

We end this section with a lemma that will be useful later.

Lemma 3.2.6. Let M € HI*(k) be a homotopy sheaf with generalized
transfers and let ¢ : E — F be a finite extension of fields. For any finite

modef| f Y — X of ¥, we have defined in a pushforward map
fo: A, M{wy}) — A°(X, M),
The limit of all such maps over finite models f : Y — X defines a map
M(F,wp/k) = M(E, wg/m)
which is equal to the generalized transfer map Trg/g.

PRrOOF. This follows from the definitions.

SMore precisely, X (resp. Y) is an irreducible smooth scheme with function field E
(resp. F') and the map f:Y — X is finite.
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4. Morel’s conjecture on Bass-Tate transfers

4.1. Bass-Tate transfers

4.1.1. Let M be a homotopy sheaf and M _; its contraction. We recall the
construction of the Bass-Tate transfer maps

tI‘w = trF/E : M_l(F, wF/k) — M_l(E,wE/k)
defined for any finite map ¢ : £ — F of fields.

Theorem 4.1.2. Let M € HI(k) be a homotopy sheaf. Let F' be a field and
F(t) the field of rational fractions with coefficients in F in one variable t.
We have a split short exact sequence

0— M(F)™ M(F(t)) % D, cury® Mo (6(2), wa) =0

where d = @xE(Al y 0, 1s the usual differential (see|3.1.8).
F

PROOF. See (Morel, 2012, Theorem 5.38)@.

Definition 4.1.3 (Coresidue maps). Keeping the previous notations, the
fact that the homotopy sequence is canonically split allows us to define
corestdue maps

pr s Moa(K(2), we) = M(F(1))

for any closed points = € (A}m)(l), satisfying 0, o p, = Id,(y) and 9, 0 p, =0
for z # y where y € (AL)W.

Definition 4.1.4 (Bass-Tate transfers). Let M € HI(k) be a homotopy
sheaf. Let F' be a field and F'(t) the field of rational fractions with coefficients

in F' in one variable ¢. For z € (A},)(l), we define the Bass-Tate transfer
tre/p 0 Moy (F(2),wp@)w) = M1 (F,wr)

by the formula tr,/p = —05 © py.

61n fact, Morel does not use twisted sheaves but chooses a canonical generator for each
w, instead, which is equivalent.
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Remark 4.1.5. This notion was defined and studied by Morel in (Morel,
2012, Chapter 4). We use the name Bass-Tate transfers because the idea of
this definition can be found in Bass and Tate| (1973) (where M is the classical
Milnor K-theory KMW) but other names can be found in the literature (e.g.
motivic/geometric transfers).

Lemma 4.1.6. Let M € HI(k) be a homotopy sheaf. Let ¢ : E — F be a
field extension, and w be a valuation on F which restricts to a non trivial
valuation v on E with ramification e. We have a commutative square

M(E) =2 M_, (5(v), wy)

go*l leswﬁ*

M(F) —— M_1(k(w),wy)

Ow

where B : k(v) — K(w) is the induced map and e, = 3¢ (—1)""",

PROOF. See (Feld, 2021} §3).

We now prove a base change formula (see also (Feld, 2020a) Claim 10)
for a similar result). The proof is similar to the original case where M
corresponds to Milnor K-theory (see (Bass and Tate, |1973, §1), or (Gille and
Szamuely, 2017, §7)).

Lemma 4.1.7. Let M € HI(k) be a homotopy sheaf. Let F/E be a field

(1)

extension and x € (AL)" a closed point. Then the following diagram

trart/E

M_1(E(z), we) /) M (B, wg/)
By reSF<y>/E<ac>l J/reSF/E

@yb—m M—l(F(y)7wF(y)/k) M_l(F,wF/k,)

Zy Cy,e try/F

is commutative, where the notation y — x stands for the closed points of AL
lying above x, and e, . = S, (—1)""" is the quadratic form associated to the
ramification index of the valuation v, extending v, to F(t).

PROOF. According to Lemma [.1.6] the following diagram
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M(E(t)) —2 My (E(z), w,)

rCSF(t)/E(t)l l@yey,e TeSF(y)/E(x)

M(E(t)) 550 Dyse Mor(F(y) s wy)
is commutative hence for all closed points in P}, we have
Oy (resr/m) 0Pz = (Bypy) © (Byeye 1Sr(y)/B@))) = 0
and so the diagram
M(E(t)) «—L— M_(E(x),w,)
resF(t)/E(t)l l@yey,e IeSF(y)/E(x)
M(F(1)) G Dye M (F(y), wy)

is commutative. Then, we conclude according to the definition of the Bass-

Tate transfer maps [4.1.4]

Remark 4.1.8. The multiplicities e, appearing in the previous lemma are
equal to

[E(x) - EL/[F(y) : Fli

where [E(x) : EJ; is the inseparable degree.

Lemma 4.1.9. Let M € HI(k) be a homotopy sheaf. Let p : E — F = E(x)
be a simple extension. Then

1. For (a) € GW(E) and p € M(F,wpsk), one has tryp ((¥(a)) - p) =
(a) 'trz/E(,u)-

2. For (a) € GW(F,wpyy,) and p € M(E), one has tr, g ((a)-resp/p(p)) =
tra/u({a)) - p.

PROOF. This follows by GW-linearity from the definitions (see (Bachmann
and Yakerson, 2020, Lemma 5.24)).

Definition 4.1.10. Let M € HI(k) be a homotopy sheaf. We denote by
Mg the homotopy sheaf defined by
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X— M(X)®zQ

and by M_; ¢ the homotopy sheaf (Mg)_;.

Corollary 4.1.11. Let M € HI(k) be a homotopy sheaf. Let ¢ : E —
F = E(x) be a simple extension. The kernel of the restriction map resp/p
M_(E) — M_(F) s killed by try/p(1). In particular: if the Hopf map
n acts trivially on M_y, then the restriction map resp/p : M_,0(E) —
M_, o(F) is injective.

PROOF. Let x € ker(resp/g). The previous projection formula shows that
try/p(1) - o = 0, thus the first assertion. A priori, try/p(1) is in GW(E),
i.e. an element of the form Y .  (a;) (where n = [F : E], a;,€ E* and
(a;) = 14 m[a;]); but if we assume moreover that i acts trivially, then the
action of tr,/g(1) on M_; o(£) is the multiplication by n (which is a nonzero
natural number) and thus = = 0, which proves the second assertion.

Definition 4.1.12. Let F' = E(xq,,...,2,) be a finite extension of a field
FE and consider the chain of subfields

E C E(x1) C E(xy,20) C--- C E(21,...,2,) = F.
Define by induction:
ey, zr/E = trrr/E(ﬂm ..... zp_1) Q0 trm/E(ml) OtI'm/E

Conjecture 4.1.13 (Morel conjecture). Keeping the previous notations,
let F'= E(xy1,2,...,2,) be a finite extension of a field £. The map

z/E - M_(F, WF/k) — M_,(E, wE/k)

.....

does not depend on the choice of the generating system (zq,...,z,).

Remark 4.1.14. This was claimed by Morel in (Morel, 2012, Remark 4.31)
and (Morel, 2011, Remark 5.10) (see also (Bachmann, 2020, Remark 4.3)
for a similar conjecture). Historically, a similar conjecture was made by Bass
and Tate in Bass and Tate| (1973)) for the case where M = KMW is the Milnor
K-theory (this claim was proved only a decade later by Kato [Kato| (1980))).

Proposition 4.1.15 (Projection formulas). Lety: E — F = E(x1,o,. ..

be a finite extension. Then
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1. For(a) € GW(E) and pn € M(F,wpi), one has try, . . /e({(¥(a))-p) =
<a> g0 S xr/E(ﬂ)

2. For(a) € GW(F,wp/i) and p € M(E), one has try, . 4, /5({(a)-resp/p(p)) =
try,., xr/E(<a>) T

PROOF. This is immediate by induction on r according to Lemma [4.1.9

Theorem 4.1.16 (Strong Rlc). Let M € HI(k) be a homotopy sheaf. Let
E be a field, F/E a finite field extension and L/ E an arbitrary field extension.
Write F' = E(xy,...,z,) withx; € F, R=F ®g L and ¢, : R — R/p the
natural projection defined for any p € Spec(R). Then the diagram

M_,(F, wF/k) M_1(E,wg/k)

@p I‘eS(R/p)/FJ/ lresL/E

@pESpeC(R) M—l(R/pa W(R/p)/k) >, (mp) M_l(L, wL/k)

ey (ay),....vplar)/L

is commutative where (m,). is the quadratic form associated to the length of

the localized ring Ry (see Notation .

PROOF. We prove the theorem by induction. For r = 1, this is Lemma[1.1.7]
Write E(z1)®gL = [[; R; for some Artin local L-algebras I;, and decompose
the finite dimensional L-algebra F' ®g,) R;j as F ®pu) R = [, Ri; for
some local L-algebras I;;. We have F' ®p L ~ H” R;;. Denote by L; (resp.
L;;) the residue fields of the Artin local L-algebras R; (resp. R;;), and m;
(resp. m;;) for their geometric multiplicity. We can conclude as the following
diagram commutes

oy e/ oy /m

M_y(F,wr) M_1(E(21), WE()/k) M_y(E,wp/r)
Dij resLij/FJ/ JVGB TS /E(x1) JrrcsL/E

Dy ML wrgs) D; M1 (Lj, wi,/n) M (L, wr k)

;1)5 trwij(11%.“,%].(17,)/[‘]. Zj(mj)s trwj(asl)/L

since both squares are commutative by the inductive hypothesis and the
multiplicity formula (mn). = m.n. for any natural numbers m, n.
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Proposition 4.1.17. Let M € HI(k) be a homotopy sheaf. Let E — F be a
field extension. If the Hopf map n acts trivially on M_y, then the restriction
map resp/p - M_1o(E) = M_1 o(F) is injective.

PROOF. We may assume that F'/E is finitely generated. By induction on
the number of generators of F' over E, we may assume that F = E(x) is
generated by a single element x € F. If x is algebraic over E, we know from
Corollary that resp/p is killed by tr,/z(1). Since the Hopf map acts
trivially, the action of tr, (1) is given by the multiplication by [/ : E] and
we obtain the result. If = is transcendent over E, then we know (thanks to
Theorem that M_;(F) is a direct summand in M_4(F).

Corollary 4.1.18. Let M € HI(k) be a homotopy sheaf. Let F/E be a finite
field extension, and let x1,...,x, and yy,...,ys be two generating system for
F/E. If the Hopf map m acts trivially on M_q, then

seen as morphism from M_y o(F) to M_; o(E).

PROOF. We apply Theorem {4.1.16| two times with [ = E(zy,...,x,) and
F = E(y,...,ys), and with L = E an algebraic closure of E. Hence

4.1.19. In the following, we assume that 2 is invertible. The proof of the
next theorem uses a technique which consists in splitting an object into a (+)-
part and a (—)-part. Usually, the splitting is only discussed for P'-spectra
(see e.g. (Cisinski and Déglise| 2019, §16.2.1)) but similar results hold in our
more general context.

The isomorphism

G — Gy,
t— ¢!
defines (following (Morel, 2003, Lemma 6.1.1)) an element ¢ in Endg s * Q)(Gm)
WhiClll satisfies €2 = 1. We define two projectors of G,, in the category
SHY (k,Q):
e+:%ande,:1%.
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As the triangulated category SH” ' (k,Q) is pseudo-abelian, we can define
two objects as follows:

Gy =Im(ey) and Gy, = Im(e_).
Then for any object M € HI(k), we set
(M_10); = Hom(G,y, Mo) and (M) = Hom(Gyn—, My)

We have a decomposition
M_g=M_1q), ®(M_190)_.
Finally, we also recall that ne = n (according to (Morel, 2003, §6.2.3)).

Theorem 4.1.20. Assume that 2 is invertible. Let M € HI(k) be a ho-
motopy sheaf. The sheaf M_1q has functorial Bass-Tate transfer maps (i.e.

Conjecture holds for Mg).

PROOF. The sheaf M_; g splits into two sheaves (M_; o)+ and (M_;g)-. On
one hand, the Hopf map 7 acts trivially on M, o hence there is a structure
of functorial transfers thanks to Corollary m On the other hand, we
have (according to (Morel, 2012, Lemma 3.43)):

e _ 1=(=1) _ 1-(lg[-1]) _ _ g1
2 2 2 2

which is equal to Idg,  on the minus part. Since G,,-stabilization (from
Sl-spectra to Sl-spectra) induces an isomorphism on the endomorphism
groups of positive powers of G,, (one always gets GW, see also (Morel, 2012,
Corollary 6.43)), one can check P!-stably that 7 induces an isomorphism
G,,_ NG, —» G,,_ and thus

(M_1q)- ~ Hom(G,,_, Mg) ~ Hom

(Gm_ VAN Gm, MQ) ~ (M,Q’Q>,.

The latter has a structure of functorial transfers according to (Morel, 2012,
Theorem 4.27). Hence the result.

We summarize the previous results in the following theorem.
Theorem 4.1.21. Let M € HI(k) be a homotopy sheaf. Then:

1. Assume that 2 is invertible. The rational contracted homotopy sheaf
M_, g is a homotopy sheaf with generalized transfers.
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2. Assuming Conjecture the contracted homotopy sheaf M_y is a
homotopy sheaf with generalized transfers.

PROOF. The GW-action is defined in [2.2.3] functoriality of transfers
follows from Corollary or Conjecture [4.1.13] the base change
is Theorem [4.1.16] the projection formulas are proved in Proposition
and the compatibility axiom can be deduced from (Morel, 2012,
Theorem 5.19).

4.2. Unicity of transfers

The goal of this subsection is to prove Theorem [4.2.3] which asserts that
the structure of Bass-Tate transfer maps on a contracted homotopy sheaf
M _4 is, in some sense, unique.

Lemma 4.2.1 (eR3c and eR3d). Let M € HI(k) be a homotopy sheaf.
Let 1 : EE— F be an extension of fields and w a valuation on F' that restricts
to the trivial valuation on E. Then the composition

M(E) —£ M(F) -2 M_, (k(w), wy)

is zero. Moreover, let T: E — k(w) be the induced map. For any prime 7 of
w, the following diagram

M_(E) —“— M_,(F)

l lm

My ((w)) ¢ M(F)

is commutative (where © is the canonical isomorphism induced by the trivi-
alization of w,, through the choice of ).

PROOF. The first identity is deduced from the long exact sequence|2.2.5] The
commutative square follows from (Bachmann and Yakerson, 2020, Corollary
5.23).

Lemma 4.2.2 (eR3e). Let E be a field over k with a valuation v and let u
be a unit of v. Then

Oy o [u] = elu] 0 9,
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where € is —(—1) as usual.
PROOF. See (Morel, 2012, Lem 5.10).

Theorem 4.2.3. Let M € HI®" (k) be a homotopy sheaf with generalized
transfers. We have for any simple extension v : F — F(z):

(a) A generalized transfer map Try : M_i(F(x),wp@m) — M_1(F,wp/m)
induced by the structure of a homotopy sheaf with generalized transfers

on M (see also Remark[3.1.5).

(b) A Bass-Tate transfer map try/p : M_y(F (), wp@)m) = M_1(F,wp)
defined in [{.1.4).

Then the two transfer maps coincide : Try = tr,/p.

PROOF. Fix a field F' and F'(t) the field of rational fractions with coefficients
in F' in one variable ¢, and fix a simple extension v : F' — F(x). Consider
the canonical inclusion ¢ : F'(z) — F(x)(t) and define

70 M_(F(2), wr@yk) — M(F(t),wru)

as the composite ®* = Trp( @) re) o[t — t(x)] o «* where Tr denotes the

generalized transfers of point (a). A combination of eR3b| Lemma and
Lemma [4.2.2] shows that

0, 0 ®* =1d,
—0c0 0 D% = Trp(y)/r,

which is exactly the definition of the Bass-Tate transfers trp (), r.

5. MW-homotopy sheaves

5.1. Sheaves with MW-transfers

In this subsection, we recall the basic definition of sheaves with MW-
transfers in order to fix the notations. We follow the presentation of (Bach-
mann et al.| 2020, Chapter 2).

5.1.1. Let X and Y be smooth schemes over k£ and let 7" C X X Y be
a closed subset. Any irreducible component of 7" maps to an irreducible
component of X through the projection X x Y — X.
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Definition 5.1.2. If, when 7T is endowed with its reduced structure, the pro-
jection map T — X is finite and surjective for every irreducible component
of T, we say that 7" is an admissible subset of X x Y. We denote by A(X,Y)
the set of admissible subsets of X x Y, partially ordered by inclusions.

5.1.3. If Y is equidimensional, d = dimY and py : X XY — Y is the
projection, we define a covariant functor

AX,Y) — Ab
by associating to each admissible subset 7' € A(X,Y") the group
~d
CH (X x Y, pyeoyse) = HAX x Y. KYW {pywy 1))

(see (Fasel, 2020, Definition 2.5)) and to each morphism 7" C 7' the extension
of support morphism

~d ~d
CHp (X x Y, pywyyr) = CHp(X X Y, pywy k)
and, using that functor, we set
—— ) —~d .
Corp(X,Y) = colimre a(x,yy) CHp (X x Y, pywy ).

If Y is not equidimensional, then Y = | | ;Y; with each Y; equidimensional
and we set

Cor(X,Y) =[], Corp(X,Y;).

By additivity of Chow-Witt groups, if X =[], X; and Y = | |, ¥} are the
respective decompositions of X and Y in irreducible components, we have

Cor(X,Y) = [, Cor(X,, Y)).
Remark 5.1.4. In the sequel, we will simply write wy in place of pjwy .

Example 5.1.5. Let X be a smooth scheme of dimension d. Then

__ —~d
Cory(Spec(k), X) = D, cxw CH (X, wx) = B ,cx GW(£(2), Wi /1)-

On the other hand, Cory,(X, Spec(k)) = CH (X) = KMV (X) (recall [2.1.19
for any smooth scheme X.
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5.1.6. The group C/]\o/r;.C (X,Y) admits an alternate description which is often
useful. Let X and Y be smooth schemes, with Y equidimensional. For any
closed subscheme T C X xY of codimension d = dim Y, we have an inclusion

—~d
CHp (X x Y, wy) C @me(XXY)(d) K™ (k(2), det(w, ® (wy/k)e))
and thus

—— ~d
Corg(X,Y) = Ureaxy) CHp(X X Y wyyy) C
®16(XXY)(d) Kgdw(’i(x)a det(w, ® (WY/k)z)).

In general, the inclusion
Core(X,Y) € @exeryn Ko™ (), det(ws © (wye)-))

is strict as shown by Example [5.1.5l As an immediate consequence of this
description, we see that the map

—d ——
CH, (X x Y,wy) — Cori(X,Y)
is injective for any 7' € A(X,Y).

5.1.7 (Composition of finite MW-correspondences). Let X,Y and Z
be smooth schemes of respective dimension dy,dy and dz, with X and
Y connected. Let V € A(X,Y) and A(Y,Z) be admissible subsets. If

—~d —d
BeCH, (X xY, wy/k) and o € CH, (Y x Z, wz/k) are two cycles, then the
expression

ao B = (qxy)«[(avz)" B (pxv)*al
is well-defined and yields a composition
o : Corp(X,Y) x Cor(Y, Z) — Corg(X, Z)
which is associative (see (Bachmann et al., 2020, Ch.2, §4.2)).

Definition 5.1.8. The category of finite MW-correspondences over k is by
definition the category Cory whose objects are smooth schemes and whose
morphisms are the elements of abelian groups Cor(X,Y).

Remark 5.1.9. The category (f]\c;k is a symmetric monoidal additive cate-
gory (see (Bachmann et al.| 2020, Chapter 2, Lemma 4.4.2)).
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Definition 5.1.10. A presheaf with MW-transfers is a contravariant addi-
tive functor Cory, — Ab. A (Nisnevich) sheaf with MW-transfers is a presheaf
with MW-transfers such that its restriction to Smy, via the graph functor
is a Nisnevich sheaf. We denote by PSh(k) (resp. Sh(k)) the category of
presheaves (resp. sheaves) with MW-transfers and by HIM" (k) the category
of homotopy sheaves with MW-transfers (also called M W-homotopy sheaves).

Example 5.1.11. For any j € Z, the contravariant functor X — KW (X)

is a presheaf on Cory.

5.1.12. PUSHFORWARDS. Let X and Y be two smooth schemes of di-
mension d and let f : X — Y be a finite morphism such that any irre-
ducible component of X surjects to the irreducible component of Y it maps
to. Assume that we have an orientation (£,1) of wy, that is an isomor-
phism ¢ : L ® L — wy of line bundles. We define a finite correspondence

a(f, L) € évork(Y, X). Let 74 : X =Y x X be the transpose of the graph
of f. Since X is an admissible subset of Y x X, we have a transfer map

—~d —
(’y})* : KMW(X wp) = CH (Y x X, wx/k) — Cork(Y, X).
The map 1 yields an isomorphism K} (X) — K}W(X,w;). We define the
finite MW-correspondence «( f, £, 1) as the image of (1) under the composite
KYW(X) = KW (X, w;) = CHY (Y x X, wy) — Corg(Y, X).

Now let M € HIMV (k) be a homotopy sheaf with MW-transfers. Denote
by (M ® wf)x (resp. My) the canonical (twisted) sheaf associated to M
defined on the Zariski site X, (resp. YZar) introduced in and define

a natural transformation
f* . f*(M®wf)X — My

by taking (as in [2.2.4)) the sheafification of the natural transformation of
presheaves

Vey, = M V) wy, ) = MV))
(@) = alf,dr, L))" (1)

where (¢, £;) is the orientation of Wf 1, associated to € w]flf_l(v). Taking
global sections, this leads in particular to a map
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MCf): M(X,wyp) = M(Y)
for any finite morphism f: X — Y.
We can check the following propositions.
Proposition 5.1.13. Let M € HIMWV(k) and consider two finite morphisms

x1.y 9.z of smooth schemes. Then
M("(go f))=M(g)oM('f).

PROOF. Keeping the previous notations, if (£’,¢’) is an orientation of w,,
then (L ® f*L', ¢ ® f*') is an orientation of wyor = ws ® f*w,, and we have
alf,L,¢)oalg, L) =algo f,L& [*L,¢ & f))).

Proposition 5.1.14. Let M € HI™Y(k) be a homotopy sheaf with MW-
transfers. Leti : Z — X and i’ : T — Y be two closed immersions and let
f:Y — X be a finite morphism. The following diagram

Ay
MY —T)—— M_(T,wr)y)

M(tf)l lM(tf)

0;
M(X —Z)——= M_1(Z,wz/x)
18 commutative.

PROOF. Since we can identify M_{(T,wy) with H3.(Y, M) (and M_{(T, w;)
with H}(X, M)), the result follows from the fact that MW-transfers act on
cohomology with support and the localization long exact sequence is functo-
rial (see also (Déglise et al., |2021], Proposition 2.2.11) for a similar result).

5.1.15. TENSOR PRODUCTS. Let X, X5, Y7,Y5 be smooth schemes over
~d
Speck. Let d; = dimY; and dy = dim Y5. Let a; € CHTI1 (X1 x Y1, wy, i) and

~d
Qg € CHTZ (X2 x Y, wy, i) for some admissible subsets 7; C X; x Y;. The
exterior product defined in (Fasel, 2008, §4) gives a cycle

—— di+d2

di+d
(a1 X ag) € CHpy oo, (X1 X Y1 X Xy X Y5, DY Wy, /i @ Dy, Wys k)

where py, : X5 X Y] X Xo X Yo — Y, is the canonical projection to the
corresponding factor. Let o : X7 x Y] X Xy X Yy — X7 x Xy x Y] X Y5 be the
transpose isomorphism. Applying o,, we get a cycle
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—~ d1+d2 N N
0'*(0(1 X Oég) € CHO’(TlXTQ)(Xl X X2 X le X }/éalele/k ®pY2wY2/k)'

Since py, Wy, /k @ Py, Wys/k) = Wy,xya/ks it is straightforward to check that
o(Ty x Ty) is finite and surjective over X; X Xs. Thus o,(c; X ay) defines a
finite MW-correspondence between X; x X, and Y x Y5.

Definition 5.1.16. Let X, X3, Y], Y5 be smooth schemes over Speck, and
a; € Corg(X1,Y)) and ay € Corg(Xy,Ys) two MW-correspondences. We
define their tensor products as X;® Xy = X7 x Xy and oy Q@ ag = o, (1 X ).

5.1.17. We denote by ¢(X) : YV — a)/rk(Y, X) the representable presheaf
associated to a smooth scheme X (be careful that this is not a Nisnevich
sheaf in general). The category of MW-presheaves is an abelian Grothendieck
category with a unique symmetric monoidal structure such that the Yoneda
embedding

Cory, — Sh(k), X — aé(X)

is symmetric monoidal (where @ is the sheafification functor, see (Bachmann
et al., 2020, Chapter 3, §1.2.7)). The tensor product is denoted by ®gpw
and commutes with colimits (hence the monoidal structure is closed, see
(Bachmann et al. 2020, Chapter 3, §1.2.14)).

5.2. Structure of generalized transfers

In this section, we study the category of MW-homotopy sheaves. For
any MW-homotopy sheaf we construct a canonical structure of generalized

transfers (see Definition |3.1.1]).

5.2.1. Let M € HI™V(k) be a homotopy sheaf with MW-transfers. We
denote by f‘*(M ) the homotopy sheaf M equipped with its structure of GW-
module coming from its structure of MW-transfers, and we define generalized
transfers as follows. Let @ : E — F be a finite extension of fields. Consider
a smooth model (X, z) (resp. (Y,y)) of E/k (resp. F/k) such that ¢ cor-
responds to a map Y, — X,. We may assume that this map is induced by
a finite morphism f : Y — X. We consider the pushforward on the MW—
homotopy sheaf I'* (M) with respect to the finite morphism f defined in
and take the limit over all model of F'/E so that we obtain a morphism

W TH(M)(F,wrp) — T (M) (E, wg)
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of abelian groups. This defines a homotopy sheaf f‘*(M ) canonically iso-
morphic to M (as presheaves) and equipped with a structure of transfers

D2l

Theorem 5.2.2. Keeping the previous notations, the transfer maps ¢* de-
fines a structure of generalized transfers (see Definition on the homo-
topy sheaf T'*(M).

PROOF. The functoriality property results from Proposition [5.1.13]
According to Proposition and Theorem [£.1.16] the projection formu-

las and the base change rule are true for any contracted homotopy
sheaf hence we only have to prove that I'*(M) is a contracted homotopy
sheaf:

Lemma 5.2.3. Let M € HIMV(k) a MW-homotopy sheaf. Then there is a
canonical isomorphism

[*(M) = (Gy @grpaw [ (M)

of homotopy sheaves which is compatible with the generalized transfers struc-
ture in the sense that the diagram

*(M)(E(x)) [ (M)(E)

l trz/E J/

(G ®ppaw T*(M)) 1 (E(2)) = (G @rpaw [*(M)) -1 (E)

is commutative for any simple extension ¢ : E — E(x) of fields, where tr, g
is the Bass-Tate transfer map defined in[f.1.4)

PROOF. The isomorphism I'*(M) ~ (G,, @gpw [*(M))_; is an equivalent
reformulation of the cancellation theorem (Fasel and Ostveer, 2017, Theorem
4.0.1). The second assertion is a corollary of Theorem [4.2.3|

Still denoting by M € HIMY (k) a MW-homotopy sheaf, we need to check
that I'*(M) satisfies where M € HI™V (k), which can be deduced from
the definitions and Proposition [5.1.14] This concludes the proof of Theorem
0. 2.2

5.2.4. As in[3.2.5] we see that I'* defines a functor
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T : HIMY (k) — HI" (k)
M — T*(M)

which is conservative.

Theorem 5.2.5. Keeping the notations of [3.2.5 and[5.2.4), the functors

f‘*
HIMY (k) 7 HIE™ (k)

| g

form an equivalence of categories.

PROOF. First, let M € HI®" (k) be a homotopy sheaf with generalized trans-
fers. For any smooth scheme X, we have a canonical isomorphism

ax : DT (M)(X) = M(X)

which is compatible with pullback maps and the GW-action. Compatibility
with the generalized transfers [eD2] results from Lemma [3.2.6]

Second, let M € HIMV(k) be a MW-homotopy sheaf. For any smooth
scheme X, we have a canonical isomorphism

bx : M — T,I*(M)(X)

which is compatible with (smooth) pullbacks and the GW-action. Since push-
forward p, of a finite map p : Y — X is locally given by the multiplication
by the correspondence a(p, ¥y, L;) of [5.1.12] we see that b commutes with p,.

~d
Thus b commutes with the multiplication by any cycle a € CHTY (X XY, wy/k)
(where X, Y are two smooth schemes and 7" € X x Y is an admissible subset)
thanks to the identity

o (B) = (px)« (- p3-(B))

where px : T'— X XY and py : X XY — Y are the canonical morphisms.

6. Applications

6.1. Infinite suspensions of homotopy sheaves

In order to fix notations, we recall that we have the following commutative
diagram of categories :

44



where H,(k) is the pointed unstable homotopy category, SH® 1(k) (resp.
SH(k)) is the category obtain after S'-stabilization (resp. P!-stabilization)
and DSt (k) (resp. Dyi(k)) the (resp. stable) effective A'-derived category
(see (Cisinski and Déglisel 2019, §5)); all of these triangulated categories are
equipped with Morel’s homotopy t-structure.

Since (N, K) is an equivalence that respects the t-structure, we have an
equivalence (of additive symmetric monoidal categories) D1 (k)Y ~ SH(k)"
(see (Déglise, 2018, §1.2.4)); since (3°°,2%°) is an adjunction that respects
the t-structure, we also have an adjunction on the respective hearts (see also
ibid. §4):

HI(k) —— HM(k)

w

where we recall that HM (k) is the category of homotopy modules.
6.1.1. We also have the following commutative diagram of categories

DT (k) =" Dy (k)

| |

DM® (k) 2, DM(k)

——— off —

where DM (k) and DM(k) are the categories of (effective) MW-motivic
complexes (see (Bachmann et al., 2020, Chapter 3)). Looking at the respec-
tive hearts, we thus obtain the following commutative diagram

oo

HI(k) " HM(k)

wOO
MW

HI"Y (k) —>OO HM"Y (k)
WNMwW
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where we recall that HM™Y (k) denotes the category of Milnor-Witt homo-
topy modules, i.e. the category of pairs (M,,w,.) where M, is a Z-graded
homotopy invariant sheaf with MW-transfers and w; : M; — (M;41)_1 are
isomorphisms of sheaves with MW-transfers.

Finally, we recall the two following well-known theorems in order to mo-

tivate Theorem [6.1.6]

Theorem 6.1.2. With the previous notations, the adjunction

*

)
HM (k) —>7 HMMW (k).

15 an equivalence of categories.
PROOF. See (Feld, 2021, Theorem 5.9).

Theorem 6.1.3. With the previous notations, the functor o35y, : HIMWV (k) —
HMMWY (k) is fully faithful.

PROOF. According to (Bachmann et all [2020, Chapter 3, Cor. 3.3.9), the
functor X5y is fully faithful (because our base field k is infinite). This
fact implies that oRpy is also fully faithful |Z| Indeed, for any sheaf M €
HI"W(k), we have wy (M) = Q¥w (M) = HoQ¥w (M) and o5y (M) =
T<oXmw (M) = HoX0w (M) hence the arrow

is an isomorphism if 33y is fully faithful.
Remark 6.1.4. A consequence of Theorem is that, if M € HIMWV (k)

is a sheaf with MW-transfers, then for any natural number n, there exists a
sheaf with MW-transfers N € HIMY (k) such that M ~ N_,,.

6.1.5. Theorem and Theorem suggest that similar results should
hold for the functor 7, : HIMV (k) — HI(k) that forgets MW-transfers. This
functor is clearly faithful and conservative but cannot be full according to
the following counterexample due to Bachmann:

"Note that the converse is (in general) not true for categories with a t-structure.
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Consider the constant sheaf Z, which admits MW-transfers. For any MW-
homotopy sheaf F', the set of maps Homymw (Z, F') injects into the subset
of F'(k) given by the annihilator of the fundamental ideal I of GW (k) acting
on F(k) (since Z = GW /I and maps with MW-transfers from GW to I are
given by F'(k)). On the other hand, the set of maps Homgy(Z, F') is given
by all of F'(k).

However, we can still characterize its essential image thanks to the fol-
lowing theorem.

Theorem 6.1.6. Let M € HI(k) be a homotopy sheaf. The following asser-
tions are equivalent:

(i) There exists M' € HI(k) satisfying Conjecture and such that
M~ M.

(ii) There exists a structure of generalized transfers on M.
(iii) There exists a structure of MW-transfers on M.

w) There exists M" € HI(k) such that M ~ M"..
2

PROOF. (i) = (i) See Theorem [4.1.21]
(77) = (4i7) See Theorem |5_T51
(iii) = (iv) Assume M € HI'"W(k). Put M, = o (M) € HMMWV (k)

so that we have wigtw (M) = My ~ (Ms)_o. Since oy is fully faithful, the

map M — wiiwosiw (M) is an isomorphism thus M ~ M”, with M" = M.
(iv) = (i) Straightforward.

Remark 6.1.7. Keeping the previous notations, we remark that the equiv-
alence (i) < (ii) was conjectured by Morel in (Morel, 2011, Remark 5.10).

6.2. Towards conservativity of G,,-stabilization

We end with a discussion about a conjecture introduced in|Bachmann and
Yakerson| (2020)). In the classical theory of topological spaces, the functor
Spc, — D(Ab), sending a space to its singular chain complex, is conservative
on (at least) simply connected spaces. We would like to study a similar
question in the motivic context: up to which extent is the functor

Y% SHY (k) — SH(k)
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conservative? The conjecture of Bachmann and Yakerson relied on the hope
that this is true after G,,-suspension. Precisely, for any natural number n,
denote by SH® (k)(n) the localizing subcategory of SH®' (k) generated by
g, 2% X, where X € Smy. The fact that the functor X - SH* (k)(1) —
SH(k) is conservative on bounded below objects reduces to proving the fol-
lowing statement (see (Bachmann and Yakerson, 2020, Conjecture 1.1)).

Conjecture 6.2.1 (Bachmann-Yakerson). If d > 1 is a natural number,
then the canonical functor

S~ SHY (k)(d) — SH(k)</ /¥
is an equivalence of abelian categories.

Recall that SH(k)% denotes the localizing subcategory generated by the im-
age of SH®' (k) in SH(k) under Y% and the hearts are taken with respect to
homotopy t-structures on these categories. As a reformulation of the conjec-
ture, we remark that the category SHSl(k)QQ is equivalent to the category of
homotopy sheaves HI(k) and that the category SH(k)%"™ is equivalent to the
category HI™ (k) of homotopy sheaves with framed transfers (see (Bachmann
and Yakerson, 2020, Theorem 5.14)). We have the following theorem.

Theorem 6.2.2. Let d > 0 be a natural number. If d > 1 or Conjecture
holds, then for any homotopy sheaf M € HI(k), the Bass-Tate trans-
fers on M_4 extend to framed transfers and the canonical functor

S SHY (k)(d)® — SH(k)4™
15 an equivalence of abelian categories.

PROOF. Let M € HI(k) be a homotopy sheaf. If d > 1 (resp. if Conjecture
holds), then M_; (resp. M_;) has a structure of generalized transfers
hence of Milnor-Witt transfers according to Subsection Thus it has a
structure of framed transfers (see (Bachmann et al., 2020, Chapter 3, §2))
and the first result holds. The second one is (Bachmann, 2020, Theorem
4.5).

As an application of our theorem [4.1.21] we obtain:

Corollary 6.2.3. Let d > 0 be a natural number. The Bachmann-Yakerson
conjecture holds (integrally) for d = 2 and rationally for d = 1: namely, the
canonical functor
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SH” (k)(2) — SH(k)
1s conservative on bounded below objects, the canonical functor
SH* (k)(1) — SH(k)
is conservative on rational bounded below objects, and the canonical functor
HI(k,Q)(1) — HI"(k, Q)

1s an equivalence of abelian categories.
Moreover, let X be a pointed motivic space. Then the canonical map

d4+1yd+1
is an tsomorphism for d = 2.

PROOF. The last result follows as in the proof of (Bachmann, 2020, Theorem
1.1).

Moreover, we can solve (integrally) a question left open after the work of
Bachmann et al.| (2020) and |Garkusha and Panin| (2021):

Corollary 6.2.4. The category of homotopy sheaves with generalized trans-
fers, the category of MW-homotopy sheaves and the category of homotopy
sheaves with framed transfers are equivalent:

HIE" (k) ~ HIMY (k) ~ HI" (k).

PROOF. The first equivalence is our Theorem [5.2.5} the second one is dudf]
to Bachmann (combine (Bachmann, 2021, Proposition 29) and (Bachmann
and Yakerson, 2020, Theorem 5.14)).

Remark 6.2.5. We end with a remark on the characteristic of the base
field k. Indeed, we have assumed that char(k) # 2 but we believe that
the assumption could be lifted. For that, the foundations of the theory of
Milnor-Witt correspondence as developed in Bachmann et al.| (2020]) should
be extended to the case of characteristic 2 (in particular, we would like to

8The equivalence between HIMW (k) and HI™ (k) also appears in (Ananyevskiy and
Neshitov, 2019, Theorem 8.12).
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prove the cancellation theorem for Milnor-Witt transfers (Fasel and Ostveer,
2017, Theorem 4.0.1) in full generality).

If one is interested only in the applications in Section [6] for fields of char-
acteristic 2, then one may also try to work exclusively with framed transfers
since we know that the cancellation theorem is true for framed correspon-
dences in characteristic 2 (see |Ananyevskiy et al.| (2021)).
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